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3! 5!
Yalfe T5r2  T7r2

3 3t ! 515?”‘7_ """"
() 3l
25" | \2%s) 2N\ 2%s
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.

J;t ~{1/45x)
T %

d
Now, L[% (sin J;)]= s L(sin Jt_)— 0 [ F(0) =0 and L[E[F(I)]]=5F (s)]

L[cusﬂ _ G

5 E(sin V1) =

Ans.
N/} 2Js
19 LAPLACE TRANSFORM OF INTEGRAL OF f(1)

-

.//!L[I;_f(l;;]: l; FE!)l where L [f(f)] = F(.s)

Proof. Let ¢ (1) = [, f(¢) dt and $(0)=0 then ¢'(1)= 1 ()
We know the formula of Laplace transforms of ¢'(f) i.e. .
LIg'0)=sL[8(r)]-#(0)
- Lg'0)=sL[¢(r)) [¢(0)=0]
5 L[#()] =5 L[# ()]

Putting the values of ¢(f) and ¢'(r), we get

L[I;f(f]df]=%f‘[f(’)] = L[I;f(f)df]=%F(s) Proved.

Note. (1) Laplace wransform of Integral of f(r) corresponds to the division of the Laplace
transform of f () by s.

) [; f(r) dt = Lf'EF(s)]
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10.10 LAPLACE TRANSFORM OF 1. () (Multiplication by t) "y,
If LIf(1)] = F(s), then
" d”
LI f(1)] = (-1) F[F(s)]. (U.P. 1l Semeste, S“’"me,-gﬁ
Proof. LIf() = Fs)=[ e f(r)dr
Differentiating (1) w.r.t. 's’, we gel :
d d @ -f _ %= a - 8]
‘_f;_[F(S)] = E“U ¢ f(r)dr]— L} rw b )f(r)dr
= I:(—re‘ ')f(r)dr= J:e "'[—-!f(r)} dr
| d

= L[/0)] = Ll (0)]=(10) [F(s)]

\/L[r“f(r)]=(—l)" d1|F(s)| Prov

. ds
10.11 INITIAL AND FINAL VALUE THEOREMS

1 (@) Initial Value Theorem. L{f(l)} = F(s]

= Ii ~1:
;Taf(') B {‘_',T["F (5)] » Provided the limit exists.

Proof.

LS WY =sL{r ()= £ (o)

=> j:t‘-uf'(n‘){ﬂ=:.‘F(s)_f(g)
= E‘_‘,“,: Iu~e‘uf'(:)dr = EJim [SF(S)-f(U)]
= | Lim{s F(s)] < /(0)+ | Lime“")f’(:)dr
0 \—0 .
=/ 0)+ I: (0) /'(¢) dr s
= f(0)+0=: 0)=1: I
(6) Final Valye Thﬁ)l‘cm_ L{f(f)}—- F( ) f( ) l:LT f(f)
= A
- m (1) = Lim

50 [IF (5)] vi imits exist.
Proof. L{f'(l‘)}-:.u,{f(,)}_f(u) - j""e » Provided the limit

-”f'(l')dl' = sF(s)-f(O)
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) Lim [, €/ @ di= Lim[sF(s)- £ (0)]
) Lil¢ F{s)-7 (O))=Lin [ (1)
L Um0y 0

» Li_gg[SF (s)]-/(0)= a}‘;in; e ['(1)dl =ui[(1) f'(1)d

[ Li Lim [sF (s)] Lim (f)

il'--h:-

]
Example 17. If L{F()} = —')' then, find lim F(r)

s(5 + | =D

Solution. By final-value theorem,

[ Lime™ = I]
5=0

] |
. _ - = i =— Ans
;l-l-ﬂa F) }I-Tu sLF()} = hmﬂ s(s+P) s 0 (s+B) B
012 EXPONENTIAL INTEGRAL FUNCTION | [E_—}ﬁ
I -
Let  f(1)= ri-ctr
S 1
- f'(t)=- e — ;f'(;) =-¢' [Here — ve sign appears due 10 lower limit]
Taking Laplace Transform of £f'(f), we get
Lfe () = L{-e} =-L{e”}
d ]
= -= [sF(s)-F(9)]=-—
ds
- = [.-,- F(s]]-———- [* £(0)=constant . —d—f(ﬂ)=0]
s+1 ' " ds
Integrating both the SIdES. we get
sFG)=log(s+ D+ C (1)
Now, by final value theorem, we have
Lim sF(s)= Lil‘l‘lf(i’) .(2)
Hence, Lim [.S'F(S)] le[lng(.-’ +D+C]l=0+C=C (3)
s—0
. - Li = .
Also, Lim{ /(1)) = Lim f[ ]‘i‘ 0 .(4)
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Putting the values of T [s F(x)] and le[ f(1)] from (3) and (4) i )\

(=0

n

Hence from (1), sF(3) =log(s +1)= F(s)=

= L [ }h -[m(j“)}

Example 18. Find the Laplace Transform of t sin al.

{lng[;*”)}

2

-

o t'uh' l ot .
Solution. L(rsinal) = L[l t ]=T-,_-IL“"’ )= Le™y)

i"
4

I _ I _ I :l: ] (3""']"“): _'(5"!‘“}:‘

L(s ‘fﬂ)z (5”“)! = (s-ia) (s+ia)

-

4 i ) g | P Y
| (.s' +2:m—a')—(s‘ —hus-a*)

% (sz +a3)z _
| dias 7 as

2: (s +a ) (s +a* )
Example 19. Find the Laplace transform of t sinh at.

—
—

Solution. L (sinhar) = — a :
s —-a
L [rsinhar] = —i[ d )
ds\ 52 _ 22
—1 _ ?ﬂi |

(7o)

Example 20. Find the Laplace transform of ¥ cos at

Solution. L (cos a) = 51:.,?
L(r msar)=( 1)1%{ 14’ ] d(s +a ]l-s_(_zi)__i 52 cog?
ds"Ls*+at (2+u::r)I —dS( +a )1

=

(51+33) (‘25 (ﬂ -5 )2(;1 +a )(Zs) W

(5 +ﬂz) (s +ﬂ)

. |
_ 25 -2a's-4d’s+45] 25 (s’ -3a?)

e RN
2 2)3 = =707t
5°+a 3
( (.I':-i-a:)
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f’ﬁ le 21. Obtain the Laplace transform y , = ——
Eﬂmp e 4 o e sndy, (UP Ny Semester, Summer 2002)
ution- L 11 507 7 e

4
mdr) =
(¢sm4) = e
d 4
L(ff’ﬁlﬂ"#f)—-z(mJ_ 4(?-5-—2)_'
(’1~2:+i7)3
( \
4(2¢ -
L(f'e’sin4r)-—— (25-2) :
| |k(s"—.‘!:wl'ﬂ’)*J
2
—2s 9. 2
L2 1) 252257 - 20 17)(25-2)
(5 - 254 ]"a')4

_ (P =25+17)2-2(25 - 2)
[52—25+I?}3

-4(231—4s+34-as’+155-3]

.52—2:;+I‘J)3
~4(~6s? +125 + 26) ) 3[35? —6s- 13]
EEES T ECET

Exmple 22. Find the Laplace transform of the function
j’ f(t)=1te”' sin2s (U.P. 1l Semester, Summer 2002)

2
s?+4
2
(5+U2+4

Solution.  L[sin2¢]=

L[e" sin 2r]= = F(s) (say)

g 2 ] 2:2(s+1)

—

L(re"sinh)= -Fis) =_ds.(s+l)1+4_ [(s+l)z+4]!

4(s+1
- ( : ) 3 Ans.
[(s+1)* +4]
EXERCISE 10.2
F X
"™ the Laplace transforms of the following : I
L ' Ans. 1
Cosh gf | {51 'ﬂz)
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ANS. — 2
y f;"{.’tSl‘ (524‘1)
5 s ﬁHS- R 3
4, £sin' (2 +1)
1R s =36 7. e sinat
.2 s. —|—= ~
6. (sin” 3 ARS- 91 's2 (52 +36)
52 +2s5+ 2 9, IIE-EI cOS/
-t cosht Ans, - 3
3 (s+2) 1 I
10 II c'z"!sin3f di ARS. 75 r 5 2 —~—
* 0 [(S+2} +9] [(5.;.2)?‘”}‘
1L 1f (1) is continuous, excep! for an ordinary discontinuity at -
- a. (a > 0) as given in the figure, then show that fit) l/wl
|
0] =L 0] £(0)-¢ ™ [f(a+0)= S (a=0)] o
(U.P 1l Semester 2003) :\
12. Pick the correct statement for final value theorem of Laplace transform: |
0 g
= Lt s/ Lt )= Lt sF (s
() IEUIU) j_msf(ﬂ (i) l—ru:f() B (5)

(U P 1l Semester 2010) Axsf

|
10.13 LAPLACE TRANSFORM OF —f (t) (Division by f)

If LLf()]=F(s), then L[%f(f)] = j:ﬂ F(s)ds  (U.P. 1l Semester Summe, 2007, 18

Proof. We know that L[f[:)] =F(s) or F(s)= I: e f(1)dr A

Integrating (1) w.r.t. ‘s’, we have
-

J, Fls)as = _[j[f:e‘” I(r)d:}ds
= [ f(r)[ j_:"’e--“ds]d:= [, () — g

s 43

= Im_f_g.f)[e-ﬂ]md, — :.'{..(-f-)—[ﬂ-'g-ﬂ]m

[

- .j:e--w {l_f(;)}d: =L :-:-j‘(r)]
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’ |
R ds =2 £ 331

E“}'(Ie B £ ik Lapiace ng) Wform of Sin2q

--.-_-'-—-.

{

I
57 +4 E_ 5

sin 2{ > 2 ; ,
L('—T_) - f 7 ds=2, lan".‘"_]

lﬂﬂ_l o0 — [an‘l »

5
b ] 2 >
-1

N | e
I
l
|
]
|

A}
= ¢col  —
| : Ans.

cample 24. F ind the Laplace transform of f(1) = j’ SIn af

Bt { |

{
M )3
(MD.U., Dec 2009 U.P., Il Semester: Summer 2005 )

solution. L{sinar) = : % .
ST+t
sin at . x
L[ J: i dy -] 9§ 1l -1 5 :
y=11a — e S -1 3
{ [' SI “}'ﬂl n al. 5 lan - = col .;;.
o sinal || -
Hence, L{L . di =-;cm'l% An
Ey@t 25. Find the Laplace transform of :
Cos Ul — cos bt (RGPV., Bhopal. Dec. 2010)
( (Uttarakhand, 1l Semester, June 2007)

(U.P., H-Semester 2004)
cos al - Cos bt

50]““{]]1, l—llf;;reI f(f) —
{

¥t know that, L(cos at - cos bt) = L (cosar)- L (cosbr) = JN .

stval st4 b

cosal —cos bt » s 0y i
L( p )=L( 7. 2 2 z]‘i‘
sc+a° s +b

I F 2
-_—[%log(s"+ﬂ2)~—lug(52+bz)]
) az;m
y - '|.|__.
] l 52+ﬂ1 =_1_ IDg SI
" iy EII'ga:"‘h?::2 { 2 l+£
- ) 2
4 5 Jy
.
I+‘—" 2 2
l ] 2 1, 5 +a _
= Elogl-—alug——i-z- =0 2103 Y [log 1 =0]
|+;—2'
52+ b’ Ans.
“ ol et
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= ¢ =coshl fnd the Laplace sransform of / (1)
gunIP"-' 26. If f(l')-': T (U.P. Il Semester Sﬂmm#:}_.
_ - f
Solution- f ) [ '

I
S

‘ ] [ _ET
s—a)’ l S
= —1'" lﬂg( 5 )1 = log b:
2 5-+b-_ ; 2 I+'T
L 3
[ 2
a
. i B
o log[l J = | 10g S
— — 5 - .
§
: | —cost
Example 27. Find the Laplace transform of —
{
Solution. L (1 - cos 7)=L (1) - L (cos 1) = LS :
- 5 5s°+1
| - cos!? wf | = 3 o
) oo s
. L s el -logs 2!03(5 +l) I

) x T
208" -log(s7+ )] r'f;.'[log v

- K

I
I
o
T
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JJdJ

2
i Ing-__.._.___d _ 2
] J _g + ] § = ——I (lﬂg;—-{—-—i l]dj
+

by parts, We have,
In[fgra[mg
?. ](5 +] 2 o
1 ) .E—J-S + §— g2 (23)
# =z 10R 3 Sds
7 s*+1 2
(S +I)
] : 1" | F 2 Q=
E—— -2t
2' s?+1 s? +1 1, 2_ = an”'s
] 2 . . -
] T 5 ) 3
= - 0—'2 = _SID +2 ! —_..]_ 3 -
2| [2) g32+l an s | = 5 _“‘Slﬂgsz+l+2mn 's
\ 2 ] ]
- g EIt:ng °_ _tan”'s
) 2 s?+1
:(E-tan']s) —Iog s* =cot” .s+—-lug -
2 5%+ 2 g4 Ans,
fxample 28. Evaluate L |:¢E!"‘1"r S": 2/ il
Solution. L [sin3r] = > > -
S +3
sin 3¢ 3 3 510 | 517
L[ j|=r 2 d5=[—!an"£] =[tnn"l—]
{ Y5 +9 3 3 s 3 [
n = =
=l 'Z=cot™'2
3 3
g =cot"f-ﬂ=mn"—3— Ans,
: { 3 s+4
; EXERCISE 10.3
"dltﬂﬂfﬂce transform of the following: |
L ~(]< 1y _, -N s+b
f{ E] Ans. Iﬂg._!. 2 ?{f ”_'E ) Ans, IUS*.'!TI;
)
5 2
’(I"‘EGSHI) Ans. ——iﬂb—i—i'
' 2 “st%a
I ~sip? 4 | . LI L
! Ans. -‘Iilng-——L S, =sinhf Ans. -2 %8
s
§, | I 2
N | , . = [log|s® + 1)-logs)
Fin) oty e A el

-4
e =t
Ans, -I--(:u;;n"l (s+2) 9. 0 f

L)



